
Math 475 Homework 5 & 6
Due March 4th, 2011, 11:59pm

1. Using the symbolic method from class where we broke each number into tens and ones and justified each
step using the laws of arithmetic, explain the following. Be sure your calculations feature the numbers
from the algorithms.

(a) why the American Subtraction algorithm (borrowing) works of 64− 27,

(b) why the European subtraction algorithm (adding one below) works on 64− 27, and
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(c) why the lattice multiplication of 63×25 works. You are allowed to assume we know how to multiply
single-digit numbers. Your justification should end with the line

= (1)(1000) + (2 + 3)(100) + (6 + 1)(10) + (5)(1)

2. French Hand Multiplication. In Butterworth’s What Counts, p.205, he writes:

To this day [about 1930], the peasant of central France (Auvergne) uses a curious method for
multiplying numbers above 5. If he wished to multiply 9 × 8 he bends down 4 fingers on his
left hand (4 being the excess of 9 over 5) and 3 fingers on his right hand (8− 5 = 3). Then the
number of bent-down fingers gives him the tens of the result (4 + 3 = 7) while the product of
the unbent fingers gives him the units (1× 2 = 2).

Explain using algebra why this method works for multiplying any two numbers between 6 and 9. Checking
all the cases is admirable, but is not sufficient.

3. Doubling/Halving Multiplication. This is a demonstration of multiplying 25×63 using two columns.
In the first column we’ll halve the number above (discarding remainder), and in the second column, we’ll
double the number above. We’ll stop when we get to 1. Now we mark every row whose first entry is odd.

25* 63*
12 126
6 252
3* 504*
1* 1008*

Now add all the second entries of the “odd” columns. So the answer is 63+504+1008 = 1575. You might
think this is a silly way to multiply, but notice that this method only requires recognizing odd numbers,
adding numbers and figuring out halves. Also, it does not rely on place value! This makes it a relatively
usable method for non-place-value number systems, like Roman numerals. (Rhetorical question: How
else could you multiply with Roman numerals?)

• Actual question: Explain why this multiplication procedure gives a correct answer for any two
numbers.

4. Give a word problem solved by 128 divided by 7 using



• a partitive model (sharing)

• a measurement model (taking out bundles)

For the divisibility questions, N stands for an arbitrary natural number. You can assume simple arithmetic
facts and should use the definition that ‘N is divisible by D iff N = D ×M for some M ∈ N’.

5. Divisibility Rules I. Prove the following divisibility rules.

• N is divisible by 2 ⇔ N ’s last digit is even.

• N is divisible by 4 ⇔ N ’s last two digits form a number divisible by 4.

• N is divisible by 5 ⇔ N ’s last digit is 0 or 5.

• N is divisible by 10 ⇔ N ’s last digit is 0.

(Hint: Write N as 10A+B for some A,B ∈ N and B < 10 to deal with ‘last digit’ questions and N = 100A+B with B < 100 for ‘last two digit’ questions.)

6. Divisibility Rules II. Prove the following divisibility rules for 7 and 11.

• Split the digits of N into two parts: the last digit B and the remaining other numbers A. Double
B and subtract it from A. The result is divisible by 7 if and only if N is divisible by 7. (Example:
N = 364. 36− (4)(2) = 28. Since 28 is divisible by 7, 364 is divisible by 7.)

• Split the digits of N into two parts: the last digit B and the remaining other numbers A. Subtract
B from A. The result is divisible by 11 if and only if N is divisible by 11. (Example: N = 385.
38− 5 = 33. Since 33 is divisible by 11, 385 is divisible by 11.)

7. Divisibility Rules III.

(a) Prove for any k ∈ N that N(10k) is divisible by 3 if and only if N is divisible by 3.

(b) Prove the following divisibility rule by writing N as a sum of multiples of powers of 10, N =
ak(10k) + · · ·+ a1(101) + a0: N is divisible by 3 ⇔ The sum of N ’s digits is a multiple of 3.

(c) Prove N is divisible by 6 ⇔ N ’s last digit is even and the sum of its digits are divisible by 3.

(d) N is divisible by 9 ⇔ The sum of N ’s digits is a multiple of 9.

8. Use the “pattern” method to justify the following:

(a) Any nonzero natural number raised to the zeroth power equals 1.

(b) Subtracting a negative number is the same as adding its opposite.

(c) Multiplying a negative number and a negative number results in a positive number.

9. Pick a pairing of (i) an integer model to describe subtracting and multiplying negative numbers and (ii)
a model of left multiplication. Be sure the pairing is NOT one used on the handout sheet. Use the paired
models to justify why (−2)(−3) = 6.


